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3.5 Row Space, Column Space, Null Space
and Rank

We can now reduce any matrix and read off the solutions of any linear system. This section asks
a coarser question: how much information does a matrix carry? Three subspaces come attached
to every matrix A: the vectors Ax it can produce, the combinations of its rows, and the vectors
it sends to zero. Their dimensions are governed by a single number, the rank, which is the
number of pivots. With it we settle when a system is solvable and how many solutions it has,
and we turn the questions of Chapter 1 about vectors in F"™ (independent? spanning? a basis
of a sum or an intersection?) into a routine computation, which is the “systematic method”
that Chapter 1 promised.

Throughout, F' is a field and A € M,,x,(F') has columns ay,...,a, € F™.

Three subspaces of a matrix

Here is the matrix we will follow through the section:
-1
S M4X5(R).

S = N =
O N BN
= == O
= =0 O
w NN O

Three questions about it have come up in this chapter, and each answer is a set. For which
b € R* can we solve Ax = b? By Theorem 3.1.1, exactly for b in the span of the columns.
Which x € R? solve Ax = 0?7 By Theorem 3.1.2, a subspace of R®. And which new equations
can we derive from the four by adding multiples of them? Their left-hand sides are exactly the
combinations of the rows. These three sets recur so often that they get names.

The column space is everything A can produce, the null space is everything A kills, and the row
space is every left-hand side we can build from the equations of Ax = b.

Definition 3.5.1. Column space

The column space of A € M,,x,(F) is the span of its columns,

col(A) :=span(ay,...,a,) ={Ax:x € F"} C F™.

Definition 3.5.2. Row space

The row space of A € M,,x,(F) is the span of its rows,

row(A) := span(row 1,...,row m) C M., (F).

Definition 3.5.3. Null space

The null space of A € M,,x,(F) is the solution set of the homogeneous system,

nul(A) ={xe F": Ax =0} C F".
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In words: col(A) lives among the outputs, in F™ (one entry per row); nul(A) lives among the
inputs, in I (one entry per column); and row(A) consists of row vectors of length n. The two
descriptions of col(A) agree by Theorem 0.9.3: Ax = z1a; + - - - + z,a,, and as x runs over F"
these are all the combinations of the columns.

Well-definedness. All three are subspaces. col(A) and row(A) are spans, hence subspaces by
Theorem 1.3.1, of F'™ and of M, (F') respectively. nul(A) is a subspace of F* by Theorem 3.1.2.
The row vectors Mjx,(F) form an n-dimensional space, with the standard basis e, ..., e,
(Example (Dimensions of the Running Examples)). Transposing turns row vectors into columns
and respects sums and scalar multiples (Theorem 0.9.5), so it sends a combination of rows to the
same combination of their transposes, and only the zero row transposes to 0. The transposes
of the rows of A are the columns of AT. Hence transposing sends row(A) onto col(AT), a list
of rows is independent exactly when the list of their transposes is, and transposing a basis of

row(A) gives a basis of col(AT). Therefore

dimrow(A) = dim col(A ). (%)

Examples.

o The identity. col(I,) = F", since the columns ey, ..., e, span; row(1,) = Mj.,(F); and
nul(I,) = {0}, since I, x = x.

o The zero matrix is the degenerate case. For 0 = 0,5, col(0) = span(0,...,0) = {0},
row(0) = {0}, and nul(0) = F™, since every x is killed. It carries no information, and its
column space is as small as possible while its null space is as large as possible. We will see
that this trade-off is exact.

e A single row. For A = (1 1 —1) € Mi«3(R), the columns are the scalars 1,1, —1 € R,

so col(A) = R!, row(A) = span((l 1 —1)) is a line of row vectors, and nul(A) is the
plane x +y — z = 0 in R3.
Non-example by minimal change. Replace 0 by a non-zero right-hand side: the solution set
{x € F": Ax = b} with b # 0. It is described by the same equations, and it is still of the form

p + nul(A) when non-empty (Theorem 3.1.3). But it does not contain 0, since A0 = 0 # b, so
it fails the first condition of Theorem 1.2.1.

Warning. The three spaces live in different places. For A € My5(R) above, col(A) C R*
but nul(A) C R, so a statement such as “nul(A) C col(A)” does not even make sense. Keep
track by size: Ax needs x with n entries and returns a vector with m entries.

Rank and nullity

The column space measures how much A can reach, and the null space how much it collapses.
We measure each by its dimension. Both are subspaces of finite-dimensional spaces, so both
have a dimension by Theorem 1.6.7.

The rank counts the independent directions that A can produce.

Definition 3.5.4. Rank of a matrix

The rank of A € M, «xn(F) is rank A := dim col(A).
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Definition 3.5.5. Nullity of a matrix

The nullity of A € My,xn(F) is nullity A := dimnul(A).

From the examples above: rank I,, = n and nullity I,, = 0; rank 0,,,x, = 0 and nullity O,,x,, = n;
and rank (1 1 —1) = 1, with nullity 2. In each case rank plus nullity equals the number of

columns. Two simple bounds hold at once: rank A < m, because col(A) C F™, and rank A < n,
because col(A) is spanned by n vectors (Theorem 1.6.3). Why define rank through columns and
not rows? We could have, and one of the main theorems of this section says the answer would
be the same.

What row operations preserve

To compute these spaces we will row reduce. So we first ask what a row operation does to each
of them. Recall from Theorem 3.4.8 that A is row equivalent to B exactly when B = EA with
E € M,,(F) invertible; since row equivalence is symmetric (Theorem 3.2.2 (b)), we may simply
say that A and B are row equivalent.

Theorem 3.5.1. Row operations and the three spaces
Let A,B € M,,xn(F) be row equivalent. Then:

(a) row(B) = row(A);

(b) nul(B) = nul(A). Equivalently, writing bi,...,b,, for the columns of B: for all
c1,...,¢, € F, the columns of A satisfy cia; + --- + cpa, = 0 if and only if the
columns of B satisfy ¢iby + -+ - + ¢,b, = 0;

(c) but col(B) and col(A) need not be equal.

Proof.

(a) Write B = EA with E invertible, by Theorem 3.4.8. By Theorem 0.9.2, row i of EA is
(row i of E)A, which by Theorem 0.9.3 (rows version) is a combination of the rows of
A. So every row of B lies in row(A), and row(B) C row(A) by Proposition 1.3.4 (1).
Since A = E~!B with E~! invertible, the same argument gives row(A) C row(B).

(b) The equality nul(B) = nul(A) is Lemma 3.3.1. By Theorem 0.9.3, cia; + -+ - + cha, =
Ac and ¢1by + - -+ 4+ ¢;,b, = Be with ¢ = (¢y, ..., ¢,), so the second statement is the
first one written out (this is Lemma 3.3.2).

11 11
(c) Let A = <1 1) € M3(R) and B = (0 0), obtained by Ry — Ry — R;. Then
col(A) = span((1,1)) and col(B) = span((1,0)). These lines differ, since (1,0) is not a

multiple of (1,1).
|

So row reduction keeps the row space and the relations among the columns, but it moves
the columns themselves.
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Warning. Do not read col(A) off the reduced form. In (c) above, the RREF of A is
B, whose column space is the x-axis, while col(A) is the line y = x. What survives row
reduction is the pattern of dependence: in both matrices column 2 equals column 1. So we
use the RREF to decide which columns to take, and then take those columns from A.

Bases from the reduced form

Fix the notation for the rest of the section. Let R = (7;) be the reduced row echelon form of
A (Theorem 3.2.3, Theorem 3.3.4), with columns ry,...,r, € F™. Let R have r non-zero rows,
and let the pivot of row k lie in column ji, so that j; < jo < --- < jr. These are the pivot
columns of A, well defined by Corollary 3.3.5. The remaining columns are the free columns.
We use three facts from Definition 3.2.4:

e tows 7+ 1,...,m of R are zero;
e column ji of R is ey (the pivot is 1 and the only non-zero entry of its column);
e in row k, every entry to the left of the pivot is 0.

From the last two, if column j of R has exactly ¢ pivot columns to its left, then every entry
of r; in rows t +1,...,m is zero, except the pivot entry of row ¢+ 1 when j = j; .
Indeed, for k > t + 1, row k is either zero or has its pivot in column jr > j, and entries to the
left of a pivot vanish. In the running example,

—1

o O O
O O O N
O O = O
O = O O
S = N

with 7 = 3, pivot columns 1, 3,4 and free columns 2,5 (the reduction is carried out in Example
(Bases for the running example) below).

The column space comes first. In R the answer is visible: the pivot columns are ey, ...,e,,
and every column has zeros below row r. Row reduction does not preserve columns, but by
Theorem 3.5.1 (b) it preserves every linear relation among them, and “is a basis” and “equals
this combination” are statements about relations.

Theorem 3.5.2. Pivot columns form a basis of the column space
Let A € Myxn(F) have pivot columns j; < --- < j,, and let R = (ry;) be its RREF. Then:

(a) the pivot columns of A, (a;,,...,a; ), form a basis of col(A);
(b) if column j is free and t pivot columns lie to its left, then a; = ryja;, + -+ + ryaj,;

(c) the pivot columns of A are exactly the vectors kept when (ai,...,a,) is sifted as in
Theorem 1.5.4.

Idea. Both claims are statements about linear relations among columns, so by Theorem 3.5.1
(b) it suffices to prove them for R, where they can be seen by inspection. The pivot columns
of R are ey, ..., e, which are independent. A free column of R is ), 7€y, a combination of
the pivot columns to its left with its own entries as coeflicients. So we transfer two relations
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back to A: “Y cpaj, = 0 forces ¢; = --- = ¢, =07 and “a; — >, rpja;, = 0”. Part (c) is a
rereading of Corollary 3.3.5.

Proof. Throughout, we use Theorem 3.5.1 (b) in the form: for scalars ci, ..., ¢y,
ca;+--+cpa, =0 < c¢cir1 +---+cpr, = 0. (1)

(b) Let column j be free, with ¢ pivot columns j, . . ., j; to its left. By the fact in bold before
the theorem, the entries of r; in rows ¢ +1,...,m are zero, sor; = ryje; +---+1rye; =
r1jTj, + -+ ryrj,, since rj, = e;. This is a linear relation among the columns of R
with coefficient 1 on rj, —r4; on rj, , and 0 elsewhere. By (), the columns of A satisfy
the same relation, which is (b).

(c) Spanning. Each pivot column aj, lies in span(a;,,...,a;, ), and each free column does
by (b). Hence col(A) = span(ai,...,a,) C span(a;,,...,a;, ) by Proposition 1.3.4 (1).
The reverse inclusion holds by Proposition 1.3.4 (2), since the pivot columns are among
the columns.

Independence. Let ciaj, + --- + cya;, = 0. This is a relation among all the columns of A
with coefficient 0 on the free columns. By (}), cirj, + -+ ¢rj, = ciep +--- + ¢e, = 0.
The k-th entry of the left side is ¢, so ¢; = --- = ¢, = 0. Hence the pivot columns of A are
linearly independent, and with spanning they form a basis of col(A) by Definition 1.5.1.

(c) By Corollary 3.3.5 (a), column j is a pivot column if and only if a; ¢ span(ay,...,a;_1).
Sifting keeps a; exactly when a; is not in the span of the vectors kept before it, and by
Theorem 1.5.4 (applied to (aj,...,a;_1)) that span is span(a,...,a;—1). Hence the
kept vectors are exactly the pivot columns. This proves the theorem.

This is sifting (Theorem 1.5.4) done by elimination. In Chapter 1, each step “is v; in the span
of the vectors kept so far?” was a separate small system. One row reduction answers all of them
at once, and part (b) even gives the coefficients.

The row space and the null space are read off R directly.

Theorem 3.5.3. Basis of the row space

The non-zero rows of the RREF R of A form a basis of row(A).

Proof. By Theorem 3.5.1 (a), row(A) = row(R). The zero rows of R contribute nothing to
a combination, so the r non-zero rows span row(R)). For independence, let ¢i(row 1) +-- -+
¢r(row ) = 0. Look at the entry in column ji: since column ji of R is e, only row k has a
non-zero entry there, equal to 1. So that entry of the combination is ¢, and ¢; = 0 for each
k. Hence the non-zero rows are a basis of row(A).

For the null space, each free variable gets one basis vector: set that free variable to 1, the other
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free variables to 0, and solve for the pivot variables.

Theorem 3.5.4. Basis of the null space

Let A € My,xn(F) have RREF R = (ry;) with pivot columns j; < --- < j.. For each free
column f, define sy € F™ by

(sp)f =1,
(sf)f = 0 for every other free f,
(sf)j, = —rrpfork=1,...,r

Then the vectors sy, one for each free column f, form a basis of nul(A). In particular
nullity A = n — r, the number of free columns.

Proof. By Theorem 3.5.1 (b), nul(A) = nul(R). For k£ < r, row k of R has entry 1 in column
Jk, entry 0 in every other pivot column (since column jj is ej/), and entries riy in the free
columns. Rows k > r are zero. Hence Rx = 0 is equivalent to the r equations

Tio=— 3 myzy  (k=1,...,7) (1)

f free

Spanmning. Let x € nul(A), and put 'y = 3" e Tysy. For a free column f, the f-th entry of
y is oy, since sy has a 1 there and the other sy have 0. For a pivot column, the ji-th entry
of y is 3y z(—rkys), which equals x;, by (1). So x =y lies in the span of the sy. Each s;
itself satisfies (1), so it lies in nul(A).

Independence. If 3, cysy = 0, then the f-th entry of the left side is ¢y, so every ¢y = 0.

Hence the s¢ form a basis of nul(A), and there are n — r of them.

Example. Bases for the running example
Find bases of col(A), row(A) and nul(A), and the rank and nullity, for
-1

6 M4><5(R).

S = N =
S N =N
=== O
— = O O
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Solution. Row reduce:

1 2 0 0 -1 1 2 0 0 -1
Ro—Ro—2R; 0 010 2 R3—R3—R2 0010
A———— EE——

R3—R3—R1 0O 011 3 Ry—»Ry—Ry |0 0 O 1
0 01 1 3 00 01

1 2 0 0 —1

RavRa—By p [0 0102

00 0 1 1

0000 O

The pivot columns are 1, 3,4, and the free columns are 2, 5.

Column space. By Theorem 3.5.2 (a), the pivot columns of A,
a; = (1,2,1,0), az =(0,1,1,1), as = (0,0,1,1),

form a basis of col(A), so rank A = 3. By part (b), the free columns are a; = 2a; (from
column 2 of R) and a5 = —a; +2as+ay (from column 5). Check: —(1,2,1,0)42(0,1,1,1)+
(0,0,1,1) = (—1,0,2,3) = a5. Note that col(A) # col(R): every column of R has last entry
0, but a3 does not.

Row space. By Theorem 3.5.3, a basis is
(1200-1), (0o102)), (0001 1),

so dimrow(A) = 3.

Null space. The equations (f) read z1 = —2xz9 + x5, 3 = —2x5, x4 = —x5. By Theo-
rem 3.5.4, a basis is

S2 = (_2’ 1’0a0a0)7 S5 = (]-aOa _27_]—> 1)5

so nullity A = 2. Check: Asy = —2a; +a; = 0 and As; = a; — 2a3 — a4 + a5 = 0, which
are the two relations found above.

So rank A = dimrow(A) = 3 and rank A + nullity A = 5, the number of columns.

Quick check. Without computing anything, what is the largest possible rank of a 3 x 5
matrix, and the smallest possible nullity?

Solution. rank A = dim col(A) < 3, since col(A) C F3. By Theorem 3.5.4, the nullity is the
number of free columns, 5 — 7, where r < 3 is the number of pivots (one per non-zero row).

So the nullity is at least 2. For example (Ig 03X2> attains rank 3 and nullity 2.
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Row rank equals column rank

The example came out with dimrow(A) = dimcol(A). This is not luck, and it is surprising:
the row space and the column space live in different spaces, and the rows and columns of a 4 x 5
matrix have nothing obvious in common. Counting pivots explains it.

Theorem 3.5.5. Row rank equals column rank

Let A € Myxn(F'), and let r be the number of pivots of its RREF. Then
dimrow(A) = dimcol(A) = r.

Consequently rank A = rank AT,

Proof. By Theorem 3.5.2 (a), col(A) has a basis consisting of the r pivot columns, so
dimcol(A) = r. By Theorem 3.5.3, row(A) has a basis consisting of the non-zero rows of
the RREF. Each non-zero row contains exactly one pivot and each pivot lies in a non-zero
row, so there are r of them, and dimrow(A) = r. Finally, by (%) at the start of this section,
rank AT = dimcol(AT) = dimrow(A) = r = rank A.

The theorem makes the rank independent of which echelon form we compute. Gaussian elim-
ination without the final clearing-up phase produces an echelon form that is not reduced, and
different sequences of operations produce different echelon forms. They all give the same count.

Corollary 3.5.6. Rank from any echelon form

Let A € M, xn(F), and let G be a matrix in row echelon form that is row equivalent to
A. Then the number of non-zero rows of G is rank A, and the columns of G containing its
pivots are exactly the pivot columns of A.

Proof. By Corollary 3.3.5 (b), the pivot columns of G are the pivot columns of A. Each
non-zero row of G has exactly one pivot, in a different column (Definition 3.2.3), so the
number of non-zero rows of G equals the number of pivot columns of A, which is rank A by
Theorem 3.5.5.

Warning. Rank is a property of A, not of a computation, but it must be counted from a

1 2
row echelon form. The number of non-zero rows of A itself is not the rank: 2 has two

non-zero rows and rank 1. Count non-zero rows only after reaching an echelon form. And

1
1) has rank

1
the rank depends on the field when the entries are read in different fields: (1

2 over R, but over Fy, where —1 = 1, both rows are (1 1) and the rank is 1.
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Rank-—nullity and the Rouché-Capelli theo-
rem

The trade-off between the zero matrix and the identity was exact, and now we can say why.

Theorem 3.5.7. Rank—Nullity for Matrices

For every A € My, xn(F),
rank A + nullity A = n,

the number of columns of A.

Proof. Let r be the number of pivot columns of A. By Theorem 3.5.5, rank A = r. By
Theorem 3.5.4, nullity A = n — r. Adding gives n.

Each column of A is either a pivot column, contributing a direction to col(A), or a free column,
contributing a direction to nul(A). Nothing is lost and nothing is counted twice. This is the
same equation as the Rank—Nullity Theorem of Chapter 2, which proved it for linear maps by
counting basis vectors, with no matrices at all.

Now the question this chapter started with. When does Ax = b have a solution, and how many
solutions are there? The first answer was b € col(A) (Theorem 3.1.1); here is a version that is
a pure count.

Theorem 3.5.8. Rouché—Capelli Theorem
Let A € Myyxn(F), b € F™, and let [A | b] € M,y (n41)(F) be the augmented matrix.

(a) The system Ax = b is consistent if and only if rank A = rank [A | b].

(b) Suppose it is consistent, let p be one solution, let » = rank A, and let sq,...,s,_, be
a basis of nul(A). Then every solution can be written as

X=p+tisi+ - +itp—rSp_r

for exactly one choice of (t1,...,t,—) € F"". In words: the solutions form an
(n — r)-parameter family.
(c) If moreover F is a finite field with ¢ elements (for instance IF,,, with ¢ = p), a consistent

system has exactly ¢™ ™"k A solutions.

Idea. For (a), adding the column b can only enlarge the column space, and the dimension
goes up exactly when b is new, that is, when b ¢ col(A). For (b), the structure theorem
says solutions are p plus null vectors, and null vectors have unique coordinates in a basis.
For (c), unique coordinates mean the solutions are in bijection with F™~", which has ¢""
elements.
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Proof.

(a) By Definition 3.5.1, col([A | b]) = span(ay, ..., ay, b), which contains col(A) by Propo-
sition 1.3.4 (2).

(=) Suppose the system is consistent. By Theorem 3.1.1, b € span(ai,...,a,), so by
Theorem 1.3.5 col([A | b]) = col(A), and the ranks are equal.

(«<=) Suppose rank A = rank [A | b]. Then col(A) is a subspace of col([A | b]) of the
same dimension, so col(A) = col([A | b]) by Theorem 1.6.8. In particular b € col(A),
and the system is consistent by Theorem 3.1.1.

(b) By Theorem 3.5.7, nullity A = n — r, so a basis sj,...,S,—, of nul(A) exists (The-
orem 3.5.4). By Theorem 3.1.3, x is a solution if and only if x — p € nul(A). By
Theorem 1.5.1, applied in the vector space nul(A) with this basis, each x —p € nul(A)
equals t181 + - -+ + tp—rSp—p for exactly one (¢1,...,t,—,). Conversely every such ex-
pression is in nul(A), so p plus it is a solution. This proves (b).

(¢) By (b), the rule (¢1,...,th—y) = P+ t181 + -+ + ty—rSp—, is a bijection from F™~"
onto the solution set: every solution is hit, and by exactly one tuple. A tuple in F"™~"
is a choice of n — r entries, each one of g elements, so F~" has ¢"~" elements. (When
r = n there is exactly one tuple, the empty one, and the basis of nul(A) is empty, so
p is the only solution and ¢° = 1.) Hence the solution set has ¢"~" elements.

Over an infinite field such as Q, R or C, part (b) gives the familiar trichotomy: no solution,
exactly one solution (when rank A = n), or infinitely many (when rank A < n, since distinct
values of ¢; give distinct solutions). Over a finite field “infinitely many” is replaced by an exact
power of ¢. For example, over Fy a system can never have exactly 3 or 6 solutions.

Example. Counting solutions over F3

Over F3, consider

1 1
, b=|0], b'= 10
1

1
A=|1
2 0

S N =

0
1
1

N O N

Decide whether Ax = b and Ax = b’ are consistent, and count their solutions.

Solution. We reduce both augmented matrices at once, carrying two right-hand columns;
arithmetic is modulo 3, so —1 =2 and —2 = 1.

110 2|1]1 110 2|11
1 2 1 0lofo | B2zl 11 1)2]2
R3—R3—2Ry
201 210 011 1|21

102 1/2]2
fsoBs7Ma 1 g 1 1 1]2]2
Ri—R1—R>

000 0|02

Row operations act on each column separately, so deleting either right-hand column gives
a reduction of the corresponding augmented matrix. For instance, in row 2, (1,2,1,0) —
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(1,1,0,2) = (0,1,1,—2) = (0,1,1,1), and in row 3, (2,0,1,2) —2(1,1,0,2) = (0, 2,1, -2) =
(0,1,1 1).

The left block is an echelon form of A with two non-zero rows, so rank A = 2 by Corol-
lary 3.5.6. With b, the augmented matrix [A | b] has the same two non-zero rows (the
last is zero), so rank[A | b] = 2 = rank A, and by Theorem 3.5.8 (a) the system is con-
sistent. By part (c) it has exactly 372 = 9 solutions. Explicitly, the reduced system is
x1 =2—2x3 — x4 =24+ 23+ 224 and 290 = 2 — x3 — x4 = 2 4 223 + 224, with x3,24 € F3
free: nine choices.

With b’ the last row (0,0,0,0 | 2) is a non-zero row with its pivot in the last column, so
[A | b'] has three non-zero rows in echelon form and rank [A | b’] = 3 # 2. By Theorem 3.5.8
(a), Ax = b’ has no solution. Indeed, row 3 of A is the sum of rows 1 and 2, so any solution
would need b = b} + by = 1, but b5 = 0.

Rank of a product

Multiplying matrices cannot create information: every column of AB is a combination of the
columns of A, and every row is a combination of the rows of B. The rank records this.

Theorem 3.5.9. Rank of a product

Let A € Myxn(F) and B € My,»p,(F). Then
rank(AB) < min(rank A, rank B).

Moreover, if P € M,,(F) and Q € M,(F) are invertible, then rank(PA) = rank A =
rank(AQ).

Proof. Let by, ..., b, € F" be the columns of B. By Theorem 0.9.2, the columns of AB are
Aby,. .., Ab,, which lie in col(A) by Definition 3.5.1. By Proposition 1.3.4 (1), col(AB) C
col(A), so rank(AB) < rank A by Theorem 1.6.7. Similarly, row i of AB is (row i of A)B
a combination of the rows of B by Theorem 0.9.3 (rows version), so row(AB) C row(B). By
Theorem 3.5.5, rank(AB) = dimrow(AB) < dimrow(B) = rank B.

For the second statement, apply the inequality twice: rank A = rank(P~!(PA))
rank(PA) < rank A, so equality holds throughout. The same sandwich with A = (AQ)Q~
gives rank(AQ) = rank A.

LIA

The equality case recovers something we already knew in a new form: row operations (left
multiplication by an invertible P) do not change the rank. The inequality is often strict. For

1
A= <8 O)’ both factors of A - A have rank 1, but A? = 0 has rank 0.

A toolkit for questions from Chapter 1

In Chapter 1 we asked, again and again, whether some vectors in F are independent, whether
they span, how to extend them to a basis, and what the sum and intersection of two subspaces
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are. Each was answered by solving a small system by hand. Everything now reduces to one
move: put the vectors as columns of a matrix, row reduce, and read off pivots.

Theorem 3.5.10. Independence and spanning by rank
Let vq,...,viy € F™, and let A = (V1 Vk) € My, (F). Then:

(a) (vi1,...,vg) is linearly independent if and only if rank A = k, that is, every column is
a pivot column;

(b) (vi,...,vg) spans F™ if and only if rank A = m, that is, every row of the RREF has
a pivot;

(¢) (vi,...,Vg) is a basis of F™ if and only if k¥ = m = rank A.

Proof.

(a) By Theorem 0.9.3, ¢;vi+- - -+cx vy = Ac withc = (cy, ..., k), so the list is independent
if and only if nul(A) = {0}, that is, nullity A = 0. By Theorem 3.5.7 this means
rank A = k.

(b) The list spans F™ if and only if col(A) = F™. Since col(A) C F™ and dim F™ = m,
this holds if and only if rank A = m, by Theorem 1.6.8 for one direction and because
equal spaces have equal dimension for the other. The number of pivots is rank A by
Theorem 3.5.5, and the RREF has m rows, each with at most one pivot.

(c) Combine (a) and (b) with Definition 1.5.1.

Example. Testing independence

Decide whether vi = (1,2,0,1), vo = (2,4,1,1), v3 = (0,0,1,—1) are linearly independent
in R*. If not, find a linear relation.

Solution. Row reduce the matrix with these columns:

1 2 0 1 2 0
2 4 Ro—Ro—2Rq 0 0 0
e M-I
01 1 Ry—R4—R,y 0 1 1
1 1 -1 0o -1 -1

1 2 0
RewsRs |0 1 1
R ARAS LN

0 0 0

0o -1 1

1 0
Ry—R4+Ro 0 1 1
R1—R1—2R2 0 0 O
0 0 O

Only columns 1 and 2 are pivot columns, so the rank is 2 < 3, and the vectors are dependent
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by Theorem 3.5.10 (a). Column 3 of the RREF gives the relation, by Theorem 3.5.2 (b):
vy = —2vj +vy. Check: —2(1,2,0,1)+(2,4,1,1) = (0,0,1, —1). Moreover (v, vsa) is a basis
of span(vy, va,v3) by Theorem 3.5.2 (a).

To extend an independent list to a basis of F*, append the standard basis and keep the pivot
columns. The appended vectors guarantee that the columns span F™. The original vectors all
survive, because by Theorem 3.5.2 (c¢) a column is discarded only if it lies in the span of the
columns before it, and an independent list has no such vector (Lemma 1.5.3).

Example. Extending to a basis by elimination

Extend the independent list (v, ve) = ((1,2,0,1),(2,4,1,1)) from Example (Testing inde-
pendence) to a basis of R%.

Solution. Form M = (v1 Vo €] ey eg e4) and row reduce:

1 2 1 0 0 0 1 2 1 0 0 O
2 4 01 0 0| RymRy—2R; |[O O =2 1 0 O
SR

01 0 01 0| Ri=Rs—ERy 0 1 0 010

1 1.0 0 0 1 0 -1 -1 0 0 1

1 2 1 0 0 0

Ro<+>R3 O 1 O O 1 0

then Ry—Rs+R2 |0 0 —2 1 0 O

00 -1 01 1
12 1 0 O 0 1 21 0 0 0
R3¢ Ry 01 0 0 1 0 Rys—Rs4+2R; |0 1 0 0 1 0
then Rs—»—Rs |0 0 1 0 -1 -1 0O 01 0 -1 -1
00 -2 1 0 0 0O 00 1 -2 -2

This is an echelon form with pivots in columns 1,2,3,4. By Corollary 3.5.6 these are the
pivot columns of M, so by Theorem 3.5.2 (a) the corresponding columns of M form a basis
of col(M) = R*:

(V17 Vao,€1, eg>.

(Clearing above the pivots gives the RREF, whose column 5 says e3 = —vj + vo — €1 — 2e9;
check: —(1,2,0,1) + (2,4,1,1) — (1,0,0,0) — 2(0,1,0,0) = (0,0, 1,0).)

For sums and intersections, one reduction does both jobs.

Proposition 3.5.11. Sum and intersection by elimination

Let U,W C F™ be subspaces with bases (ui,...,u;) and (wi,...,w;), and let M =
<u1 cee U Wpoocc Wl> S me(k+l)(F). Then:

(a) the pivot columns of M form a basis of U + W;
(b) for x = (z1,...,Tpyy) € FF write uy = zyuy + - - + zpuy, the combination of the
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u’s with the first k entries of x as coefficients. If (ny,...,ny) is a basis of nul(M), then
(Un,,...,un,) is a basis of U NW.

In particular dim(U + W) = rank M and dim(U N W) = nullity M.

Proof.

(a) By Proposition 1.7.2, U + W = span(uy,...,u;, wi,...,w;) = col(M), and Theo-
rem 3.5.2 (a) applies.

(b) By Theorem 0.9.3, x € nul(M) means zju; + - - - + g0y = —(Tp 1 W1 + - -+ + T Wy),
so uy lies in U and in W. Also uyxyy = ux + uy and u.x = cuy, by the vector space
axioms in F™.

Spanning. Let v.€ UNW. Since the u’s span U and the w’s span W, v = aju;+- - -+apug =
biwy + -+ + byw;. Then x = (ai,...,ax,—b1,...,—b) € nul(M) and ux = v. Writing
x =y ,tin; gives v=>,tupy,.

Independence. Let Y ;t;un, = 0, and put x = >, ;n; € nul(M). Then ux = zju; +--- +

rpup = 0, so x1 = --- = x = 0 because the u’s are independent. Since Mx = 0, also
Tkr1W1+- -+ w; = 0, so the remaining entries vanish because the w’s are independent.
Hence x =0, and ¢t; = --- = t; = 0 because the n; are independent.

The dimension statements follow by counting the two bases, using Theorem 3.5.5 for rank M.

Adding the two counts and using Theorem 3.5.7 gives dim(U + W) + dim(U N W) = rank M +
nullity M = k£ + [ = dim U + dim W. This is the Dimension Formula for Sums (Theorem 1.7.3)
again, now with a second, computational proof for subspaces of F™. (Some texts use the
matrix with columns uy,...,ug, —wi,..., —wy instead of M, so that a null vector gives equal
combinations ) a;u; = _ bjw; with no sign change. The two null spaces differ only by the signs
of the last [ entries.)

Example. A basis of a sum
Let U = span(uy, uy) and W = span(w1, w) in R*, where
w = (1,0,1,2), uw=(0,1,1,1), wi=(1,1,0,1), wo=(1,3,0,1).

Find a basis and the dimension of U + W.

Solution. Each pair is independent, since neither vector is a multiple of the other (compare
the first two entries), so dim U = dim W = 2. Row reduce M = (ul uy; wi wz):

1 01 1 1 0 1 1 1 0 1 1

0 1 1 3| R3=Rs—Ry 01 1 3 Rs—Rs—Ry, |0 1 1 3
. e 5

1 1 0 0| RsmR4—2R; |0 1 —-1 —-1| Rs—»Rs—R: |0 0 —2 —4

21 1 1 01 -1 -1 00 -2 —4
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1 01 1 1 0 0 -1
Rs—R4—R3 O 1 ]- 3 Ri—R1—R3 R _ O 1 0 1
then R3—>—%R3 0 0 1 2| R:—R2—R3 00 1 2
0 00O 000 O

The pivot columns are 1,2,3. By Proposition 3.5.11 (a), (uj,us,wi) is a basis of U + W,
and dim(U + W) = 3. Column 4 of R says wy = —u; + ug + 2wy; check: —(1,0,1,2) +
(0,1,1,1) +2(1,1,0,1) = (1,3,0, 1).

Example. A basis of an intersection

For U and W as in Example (A basis of a sum), find a basis of U N W, and check the
Dimension Formula for Sums.

Solution. We reuse the RREF R of M. Its only free column is column 4, so by Theorem 3.5.4
nul(M) has the basis n = (1, —1,—2,1) (set z4 = 1; then 21 = 1, 9 = —1, 3 = —2). The
relation Mn = 0 reads u; — us — 2wy + wo = 0, that is,

u; — U :2W1 — W2.

By Proposition 3.5.11 (b), up = u; —uz = (1,—1,0,1) is a basis of U N W. Check that it
lies in W 2(1,1,0,1) — (1,3,0,1) = (1,—1,0,1). So dim(U N W) =1, and

dimU + dim W — dim(UNW) =2+2—1 =3 = dim(U + W),

in agreement with Theorem 1.7.3.

Exercises

3.5.9.1 A. Check your understanding

Exercise. Al

(a) Define col(A), row(A), nul(A) and rank A for A € M,,«,(F), and say which space
each subspace lives in.

(b) State the Rank—Nullity Theorem for matrices and the Rouché-Capelli Theorem.
(c) True or false: if R is the RREF of A, then col(R) = col(A). Justify your answer.
(d) True or false: there is a 4 x 6 real matrix with nullity 1. Justify your answer.

(e) True or false: for every A € M,,x,(F), rank A = rank A". Justify your answer.
(f) Describe how to find a basis of U N W for subspaces U, W C F™ given by bases.

Solution.

(a) col(A) is the span of the columns, a subspace of F"; row(A) is the span of the rows, a
subspace of M)y, (F); nul(A) = {x € " : Ax = 0}, a subspace of F"; and rank A =
dim col(A) (Definition 3.5.1, Definition 3.5.2, Definition 3.5.3, Definition 3.5.4).
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(b) For A € My, xn(F), rank A + nullity A = n (Theorem 3.5.7). For b € F™, Ax = b
is consistent if and only if rank A = rank [A | b]; then the solutions are p + nul(A),
an (n — rank A)-parameter family, with exactly ¢ 2"k A solutions over a field with ¢
elements (Theorem 3.5.8).

1 1 1 1

(c) False. For A = , R =
11 00

span((1,0)). Row operations preserve the row space and the column relations, not the

column space (Theorem 3.5.1).

), and (1,1) € col(A) but (1,1) ¢ col(R) =

(d) False. Its rank is at most 4, since the column space lies in R*, so by Theorem 3.5.7 its
nullity is 6 — rank A > 2.

(e) True. This is Theorem 3.5.5.

(f) Put the basis vectors of U and then of W as the columns of M, find a basis of nul(M)
from the RREF, and for each basis vector n take the combination of the u’s with the
first k entries of n as coefficients (Proposition 3.5.11).

3.5.9.2 B. Practice

Exercise. B1: The three subspaces of a 3 x 5 matrix

Let
1 -1 2 0 3

A= 2 -2 5 1 4 €M3X5(R).
-1 1 -1 1 =5

Find bases of col(A), row(A) and nul(A). Hence verify rank A + nullity A = 5.

Solution. Row reduce:

1 -1 20 3 1 =10 -2 7
R TN 0 0 1 1 -2 BsoRs—Ry 0O 0 1 1 =2
R3—R3+R1 =i =i

0 0 1 1 -2 0 0 0 0 O

The pivot columns are 1 and 3; the free columns are 2,4, 5.

By Theorem 3.5.2, the pivot columns of A, (1,2,—1) and (2,5, —1), form a basis of col(A).
By Theorem 3.5.3, (1 —1 0 —Z 7) and (0 011 —2) form a basis of row(A). The

reduced equations are x1 = x9 + 2x4 — 75 and x3 = —x4 + 225, so by Theorem 3.5.4 a basis
of nul(A) is

so = (1,1,0,0,0), sq = (2,0,—1,1,0), s5 = (—7,0,2,0,1).

For example Asy = 2a; — a3z + a4 = (2,4,—2) — (2,5,—1) + (0,1,1) = 0. Hence rank A = 2
and nullity A = 3, and 2 4+ 3 = 5, as Theorem 3.5.7 requires.

Exercise. B2: Independence and extension in R*
Let vi = (1,0,2,1), vo = (2,1,3,1), v3 = (0,1, -1, —1) in R*.

(a) Determine whether (v1, v, v3) is linearly independent. Justify your answer.
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(b) Find a basis of span(vy,va,v3), and extend it to a basis of R* using standard basis
vectors.

Solution.

(a) Row reduce the matrix with columns vy, va, vs:

1 2 0 1 2 0 1 0 -2
0 1 1| Rysmrs—2r; [0 1 1 Rs—s Rs+ Ro 01 1
2 3 -1 Ry—R4—Ry 0o -1 -1 Ry—R4+R2, Ri—R1—2R> 0 0 O
1 1 -1 0o -1 -1 0 0 O

The rank is 2 < 3, so the list is dependent by Theorem 3.5.10 (a). Column 3 gives
v3 = —2vi+vy (Theorem 3.5.2 (b)); check: (-2,0,—-4,-2)+(2,1,3,1) = (0,1,—-1,-1).
(b) By Theorem 3.5.2 (a), (vi,Vv2) is a basis of span(vy, va, vs). To extend it, row reduce

(Vl Vo €1 €3 e€e3 ey

1210 00 1 2 1 0 0 0
01 01 0 O Ry»Rs—2rR, |0 1 0 1 00
A,
23001 0| Ri=»Ra=Rx |0 -1 -2 0 1 O
1100 01 0O -1 -1 0 0 1
12 1 000
Rs—Rs+Ry |0 1 0 1 0 O
R4—R4+R2 00 -2 1 1 0
00 -1 1 01
1 2 1 0 O 1 21 0 O
R3< R4 01 0 1 0 O Ri—Rs+2R; |0 1 0 1 0 O
then Rs3—»—Rs [0 0O 1 -1 0 -1 001 -1 0 -1
00 -2 1 1 O 000 -1 1 =2

This echelon form has pivots in columns 1,2,3,4, which are the pivot columns by
Corollary 3.5.6. By Theorem 3.5.2 (a) the corresponding columns form a basis of the
column space, which is R* since it contains e, ..., es. Hence (vi, Vo, eq,ez) is a basis
of R* extending (v1,vs).

Exercise. B3: Sum and intersection in R®
Let U = span(uy, ug,uz) and W = span(wy, wp) in R®, where

u; = (11 110707 1)7 uz = (07 17 17070)7 us = (170707 170)7
wi=(1,2,2,1,2), wa2=(0,0,1,1,1).

Find dim U, dim W, a basis of U + W and a basis of U N W. Hence verify Theorem 1.7.3.
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Solution. Row reduce M = (u1 U uz wj WQ):

1 01 10 1 0 1 10
1 10 2 0 01 -1 1 0
0102 1|82y 1 o 21
Rs—Rs—Ry
0 01 11 00 1 11
1 0 0 21 00 -1 1 1
1 0 1 10
01 -1 1 0
Bools o lg 0 1 1 1
00 1 11
00 -1 1 1
1 0 1 1 0 1 0 1 1 0
01 -1 1 0 01 -1 1 0
%‘:Z% 00 1 11 RWRZ 00 1 11
5 5 3 0 0 0 0 0 thenR4~>2R4 0 0 0 1 1
00 0 2 2 00 0 0O
Clearing above the pivots (R3 — Rs— R4, R — Ro— R4, Ri — Ry — R4, then Ry — Ro+ R3,

R1 — Rl = Rg) gives

I
oo oo~
oo o RO
oo~ oo
o R o oo

o

The pivot columns are 1,2, 3,4, so (uy, ug, us, wq) is independent by Theorem 3.5.2 (a), and
so are its sub-lists (uj,ug,us) and (wi); also wy is not a multiple of w; (compare first
entries). Hence dimU = 3 and dim W = 2, with the given spanning lists as bases. By
Proposition 3.5.11 (a), (u1,us,ug, wy) is a basis of U + W, so dim(U + W) = 4.

The only free column is column 5. Setting 25 = 1 gives n = (1,1,0,—1,1), a basis of
nul(M) by Theorem 3.5.4. So u; + us — w; + wy = 0, and by Proposition 3.5.11 (b),
u; +up = (1,2,1,0,1) is a basis of U N W. Check: w; — ws = (1,2,1,0,1). Hence
dim(UNW) =1, and

dmU +dimW —dim(UNW)=34+2—-1=4=dim(U + W).

3.5.9.3 C. Going deeper

Exercise. C1: Rank of a sum

Let A,B € My, xn(F). Prove that rank(A + B) < rank A 4 rank B. Give an example where
the inequality is strict.

Solution. The j-th column of A+B is a;+b;, which lies in col(A)+col(B) (Definition 1.7.1).
This sum is a subspace (Theorem 1.7.1), so by Theorem 1.3.1, col(A +B) C col(A)+col(B).
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By Theorem 1.6.7 and Theorem 1.7.3,

rank(A + B) < dim(col(A) + col(B))
= rank A 4 rank B — dim(col(A) N col(B))
< rank A + rank B.

For strictness, take A = Iy and B = —I over R: rank(A + B) =rank0=0 < 2 + 2.

Exercise. C2: Matrices of rank one

Let A € M, xn(F). Prove that rank A = 1 if and only if A = xy—r for some non-zero
x € F™"andye€ F™.

Solution. (<) Suppose A = xy' with x,y # 0, and write y = (y1,...,%»). By Theo-
rem 0.9.2, the j-th column of xy ' is x times the j-th column of y ', the 1 x 1 matrix (y;);
that is, y;x. So every column lies in span(x), and col(A) C span(x). Since y # 0, some
y; # 0, and then y;x # 0 because x # 0 (Theorem 1.1.9). The list (x) is independent,
since ax = 0 forces a = 0 (Theorem 1.1.9), so span(x) has dimension 1, and rank A < 1 by
Theorem 1.6.7. On the other hand rank A # 0: a space of dimension 0 has the empty list
as a basis, so it equals span() = {0}, but col(A) contains the non-zero vector y;x. Hence
rank A = 1.

(=) Suppose rank A = 1, and let (x) be a basis of col(A); then x # 0. Each column
a; € col(A) equals y;x for some y; € F. Put 'y = (y1,...,yn). By the computation in (=),
the j-th column of xy ' is yjx =aj, so A = xy'. If y =0, then A = 0 would have rank 0,
so y # 0. This proves the claim.

Exercise. C3: The matrix i + j

Forn > 1, let A,, € M,,(R) have entries a;; = i+ j. Prove that rank A; =1 and rank A, = 2
for every n > 2. Hence find nullity A,,.

Hint: write each row as a combination of two fixed row vectors.

Solution. For n =1, Ay = (2) #0, sorank A; = 1. Let n > 2, and put 1 = (1 1 ... 1)

andd = (1 2 -+ n) in Min(R). Row iof Ay is (i+1 -+ i+n) =il+d So
row(A,) C span(1,d), and dimrow(A,) < 2 by Theorem 1.6.3.

Rows 1 and 2 are <2 3 ) and (3 4 ) If ¢i(row 1) + ca(row 2) = 0, the first two
entries give 2¢; + 3co = 0 and 3¢y 4+ 4ce = 0. Subtracting the first from the second gives
c1 4+ c2 =0, 80 ¢; = —cg, and then —2¢y 4 3¢5 = c2 = 0, so ¢; = 0. Hence row(A,,) contains
two independent vectors, and dimrow(A,) > 2 by Theorem 1.6.3.

So dimrow(A,) = 2, and rank A,, = 2 by Theorem 3.5.5. By Theorem 3.5.7, nullity A,, =
n — 2 for n > 2, and nullity A; = 0.
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Exercise. C4: Counting right-hand sides over a finite field

Let F be a finite field with ¢ elements, and let A € M,,x,(F') have rank 7.

(2)
(b)

(c)

Prove that exactly ¢" vectors b € F'™ make Ax = b consistent.

By counting the pairs (x,b) € F™ x F"™ with Ax = b in two ways, and using Theo-
rem 3.1.3 but not Theorem 3.5.7, prove that nul(A) has exactly ¢~ " elements. Deduce
nullity A = n — r: a counting proof of Rank—Nullity over a finite field.

1 10
Over Fo, let A = [0 1 1]|. How many b € F3 give a consistent system, and how
1 01

many solutions does each such system have?

Solution.

(a)

By Theorem 3.1.1, Ax = b is consistent exactly when b € col(A). Let (cy,...,c,)
be a basis of col(A). By Theorem 1.5.1, (t1,...,t.) — tic1 + -+ + t,c, is a bijection
F" — col(A): every vector of col(A) is hit by exactly one tuple. Since F" has ¢"
elements, so does col(A).

Let N = |nul(A)|]. Each x € F™ determines exactly one b = Ax, so there are ¢"
pairs. Now group the pairs by b. If b ¢ col(A), there are none, by Theorem 3.1.1.
If b € col(A), pick one solution p; by Theorem 3.1.3 the solutions are p + nul(A),
and h — p + h is a bijection from nul(A) onto this set (it is onto by definition, and
p+h=p+h'gives h =h’). So each of the ¢" vectors b of (a) accounts for exactly
N pairs, and there are ¢" N pairs in total. Hence ¢" N = ¢", and N = q"™".

Let d = nullity A. The argument of (a), applied to a basis of nul(A) of length d, gives
N = ¢% So ¢% = ¢™". Since ¢ > 2, distinct exponents give distinct powers of ¢, so
d =n —r. This is Theorem 3.5.7, proved here by counting alone.

Over Fy, R3 — R3 + R; gives row 3 equal to (0,1,1), and then R3 — Rs + Rs makes

1 1 0
it zero. So an echelon form is |0 1 1|, and rank A = 2 by Corollary 3.5.6. By (a),
0 00

exactly 22 = 4 of the 8 vectors b give a consistent system, and by Theorem 3.5.8 (c)
each has 2372 = 2 solutions. (The consistent b are those with by + by + b3 = 0. The
rows of A add up to zero, so every consistent b satisfies this equation; exactly 4 vectors
of F3 satisfy it, and 4 are consistent, so the two sets coincide.)



	Row Space, Column Space, Null Space and Rank
	Three subspaces of a matrix
	Rank and nullity
	What row operations preserve
	Bases from the reduced form
	Row rank equals column rank
	Rank–nullity and the Rouché–Capelli theorem
	Rank of a product
	A toolkit for questions from Chapter 1
	Exercises
	A. Check your understanding
	B. Practice
	C. Going deeper



